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Load Change Characteristics

of the Discharge Structure in Noble Gas MHD Channels

Takehisa Hara* and Juro Umoto?
Kyoto University, Kyoto, Japan

The two-dimensional, time-dependent behavior of the inhomogeneous plasma in nonequilibrium MHD
generators has been numerically calculated. The development of streamers as typical discharge structures is
simulated. A cesium-seeded argon plasma is considered. The numerical conditions used in the calculations are
set equal to the experimental conditions used in the Eindhoven shock tube facility. It is found that under con-
ditions of relatively large load resistance, an ionization instability occurs in the channel and the final discharge
becomes inhomogeneous, wherein a streamer structure is formed. When the load resistance is decreased to a
certain value, an almost homogeneous and stable discharge is eventually achieved throughout the channel, even
though at the first moment the ionization instability has occurred and streamers have been formed in the
channel. Once they are formed, the streamers grow wider and cover the entire region of the channel. The ef-
fective electrical conductivity in this case approaches the ideal value of the electrical conductivity calculated from
the assumption of no instability. This indicates the possibility of obtaining a plasma with a homogeneous and
stable discharge in the channel by selecting the appropriate load condition. By further decreasing the load
resistance, both cesium and argon ionize in some parts of the channel and the discharge structure in the channel
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becomes inhomogeneous.

Nomenclature T  =heavy species temperature
B = magnetic induction T, =clectron temperature
E = electric field T,, =electron temperature at Saha equilibrium
E*  =induced electric field T,  =stagnation temperature
e = charge of the electron t =time . _
h = channel height u =heavy species flow yeloc1ty
I, =load current u, =electron drift velocity
J = current density V, =load voltage
K  =load factor of generator w  =channel width
k  =Boltzmann’s constant B8 =Hall parameter

=wave vector

B =effective Hall parameter

k;,  =ionization rate coefficient of argon atoms o  =critical Hall parameter

k; ~ =ionization rate coefficient of cesium atoms ¢  =seedfraction

k,, =recombination rate coefficient of argon atoms ¢iq  =lonization potential of argon

k,. ~=recombination rate coefficient of cesium atoms ¢~ =ionization potential of cesium .

M =flow Mach number v; = COHISI.OII frequency pf electrons and species j

m, =massof an electron o = electrl'cal condyctmty o

m;  =mass of species j g =effective electrical cqnductlvxty

n, =argon atom number density ¥ = current stream function

n;,, =argonion number density

n,  =cesium atom number density Introduction

nj = cesium ion number density N nonequilibrium MHD plasmas, perturbations in the

n,  =electron number density electric field and current due to inhomogeneities in the

n, =electron number density at Saha equilibrium plasma properties result in a nonuniform Joule dissipation

n;  =first-order perturbation in the electron number that can, in turn, locally affect the plasma properties and lead
density in some circumstances to unstable situations. This is well

P, =electrical output density of a generator known as the ionization instability of MHD plasmas, ex-

P = electror} pressurc perimental evidence of which has been found in various

Ds  =stagnation pressure studies.!? In recent years, inhomogeneous discharge struc-

Q; =momentum transfer cross section of electrons with tures have been observed and the behavior of the unstable
Species plasmas has been made clear by experiments in the Eindhoven

Qr =radiation loss shock tube MHD generator.>#

qg. = electrpn heat ﬂ‘}x In order to predict the performance of nonequilibrium

r = spherical coordinate MHD generators, both experimental studies of the ionization

R, =loadresistance instabilities and theoretical investigations are of importance.

s = electrode pitch The theoretical investigations have been performed both

Received Dec. 17, 1981; revision received July 20, 1983. Copyright
© American Institute of Aeronautics and Astronautics, Inc., 1983.
All rights reserved.

*Associate Professor, Department of Electrical Engineering.

tProfessor, Department of Electrical Engineering.

analytically’” and numerically®'® by many researchers.
Among the theoretical investigations, the analytical ones can
predict whether the instability develops in a plasma, but
cannot predict the behavior of the plasma after the instability
develops. On the other hand, time-dependent numerical
simulation studies make it possible to follow the behavior of
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the plasma after it becomes unstable. One of the aims of this
study is to investigate numerically how the inhomogeneous
discharge structure grows and its final state in the channel.
The electron density and the electron temperature
distributions inside and outside of the streamers are also of
interest.

The idea of obtaining stable plasmas by keeping them in the
regime of a fully ionized seed was proposed!! and experiments
to produce the plasmas in this regime by controlling the load
conditions have been performed.!>!*> However, the plasmas
are not fully ionized at the initial instant for any of the load
conditions since the stagnation temperature of the practical
situation is around 2000 K. Consequently, it seems from
analytical studies that ionization instability occurs and leads
to inhomogeneous discharges in the channel. Time-dependent
simulation studies make it possible to find the final structure
of the plasma to which the instability grows. The second aim
of this study is to investigate the possibility of obtaining a
stable plasma throughout the channel by selecting the ap-
propriate load condition.

A two-dimensional, time-dependent mathematical model
and its numerical procedure in which only cesium was con-
sidered to ionize was developed. The growth of streamers in
the channel as typical discharge structures was simulated by
our previous work.!* In the present study, both cesium and
argon are considered to ionize in order to investigate the
discharges under the fully ionized seed conditions. '’

Theoretical and Numerical Model
Basic Equations

The working medium in a closed-cycle MHD generator
consists of a noble gas with a small amount of seed material
added. In the present work, the plasma consists of argon
seeded with cesium. The plasma temperature ranges 1000-
2000 K and has a pressure of several atmospheres. Between
these limits the plasma consists of electrons, singly ionized
argon and cesium ions, and argon and cesium atoms. In the
usual MHD approximations, i.e., low magnetic Reynolds
number and charge neutrality, the governing equations of the
plasma are the following:

V pe
j+gUxB)=o(E+u><B+ P ) )
v.j=0 2
VXE=0 3)
ne:nia+nic (4)
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where

c=e’n,/m,v, (8)
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ko =2.42% 10° T3 2exp(— ¢ /KT, ) K as)
v, =n;Q,(8kT,/wm) " (16)
4
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where j=1, 2, 3, or 4 denotes argon atoms, argon ions,
cesium atoms, or cesium ions, respectively. The electron-atom
cross sections for argon and cesium are taken to be
0.280x10-20 (1.46x10-3T,~0.535) m? and 0.5 x 1017 m?,
respectively. The electron-ion collision cross section is taken
from Spitzer.'® In these equations the following assumptions
are made: 1) the velocities and temperatures are equal for the
ions and neutrals, 2) only single ionization of argon and
cesium by electron-atom collisions and three-body recom-
binations are considered, and 3) collisions between the
electrons and atoms (by which energy is transferred) are
assumed to be elastic.

Two-Dimensional Model

The physical processes of the growth of streamers can be
studied in a two-dimensional approximation. The calculations
are made in the plane perpendicular to the direction of the
-magnetic field. The coordinate system and channel geometry
used in the calculations are shown in Fig. 1. Here, the
following additional assumptions are made:

1) The heavy particle temperature T is constant in space and
time.

2) The heavy particle velocity has the form u=(1,0,0) and u
is constant in space and time.

3) The magnetic field has the form B=(0,0,B) and B is
constant in space and time.

-<———IL

h aBlCyq

x=0 Xxag

Fig. 1 Coordinate system and channel geometry used in the two-
dimensional calculations.
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4) All quantities are constant in the z direction.

5) The term V p,/n, in Ohm’s law is negligible.

6) The thermal conduction term V -q, the radiation term
QOg, and all terms (including space derivatives) in the energy
equation are negligible.

7) The electron temperature 7, is assumed to relax in-

stantaneously.

The validity of these assumptions is checked in the previous

work. !4

Using the above assumptions, Eqgs. (1-7) are reduced to the

following set:

E,=(1/0) U +8j,) (18)
E,—uB=(1/0) (—Bj;+J,) (19)
dj, 4,
Yx Yy 9 20
o + 3y (20)
dE, OE,
X 21
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s g 208 23)
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Once gas quantities such as n, and T, are given in a certain
moment, ¢ and 3 are obtained from Eqgs. (8) and (9). Then the
electrical quantities can be calculated from Egs. (18-21)
together with the boundary condition (to be discussed later).
Having found the value of j, and j,, the gas quantities at the
next time step can be found from Eqgs. (22-25). By repeating
this procedure for sequential time steps, the time-dependent
behavior of the ionized plasma can be simulated.

Current Stream Function

The electrical quantities j,.j,,E,,E, can be solved directly
from Eqgs. (18-21). However, a current stream function is
often introduced into the calculation for the purpose of
reducing the number of unknowns. Here, we will introduce
the current stream function  defined by

c_ 1L oy

X

I, ay

= =—-+7 26

w 3y Iy w ox (26)

where I; is the load current and w the channel width.

Equation (20) is satisfied by Eq. (26) and an equation for v is

developed substituting Eqs. (18), (19), and (26) into Eq. (21)
as

i<1§!+§?!)+i<3"_’f “’_")zo @7

ax \o ox o ay ay o dx an

This equation is solved in the (x,y) plane.

Since an elliptic equation is to be solved, the boundary
conditions have to be specified over the perimeter of the
calculation plane. For a channel with electrodes and in-
sulators arranged in an infinitely long periodic structure as
shown in Fig. 1, the periodicity can be assumed over one

segment. Therefore, calculations are made in one segment
region (AEHD) in Fig. 1. The boundary condition on the
electrode is E, =0 and using Eq. (26), Eq. (18) becomes

% _5% _5 (onBCand FG) (28)
dy dax

On the insulators j, =0 is given and substitution of Eq. (26)
yields

Y=const (on AB, CD, EF, and GH) (29)

By definition ¢ is taken equal to zero on the left insulator,
namely

¥=0 (on AB and EF) (30)

The integration of j, over the electrode gives the load current
I, ; then

C
IL=—WSBjydx 31

Substituting Eq. (26) into Eq. (31) yields

N I 2
L=w|, L ax=1, ()0 - 4B

Finally, we obtain
Y(C)—y(B)=1 (32)

Then, by considering Eqgs. (30) and (32), ¥ must be unity on
the right insulator, namely

Yy=1 (onCD and GH) (33)

Since periodicity is assumed over the one segment, the
boundary condition on DH and AE is given as,

¥ (onDH) -y (on AE)=1 (34)

The current stream function ¢ is uniquely decided in one
segment by solving the elliptic Eq. (27) with the boundary
conditions given in Egs. (28), (30), (33), and (34). A finite
element method is used in the calculation. Each segment is
divided into 40 x 10 =400 rectangular elements (Ax=0.25 m,
Ay=4.0 mm). In each element, the electron density, electron
temperature, and current density are assumed to be constant.

Load Current

Having found the value of ¥, j, and j, are obtained from
Eq. (26). However, in order to do this, the value of /7, should
be known. By integrating Eq. (19) over the line x=s/2, we
obtain

h nj
SO (E)l oy —uB)dy= 50;(—Bjx+jy)|xzmdy (35)
L 4

Since each electrode is connected to a external load R; as
shown in Fig. 1, the next relation should be satisfied,

h
| Elcsdy=R, 1, @36)

Substituting this relation and Eq. (26) into Eq. (35) yields,

RLIL—uBh=_I_LS"{ (Baw +a_¢)

— d
wloo \ dy 0x 7

x= {25
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Finally, perturbation analysis, he showed that under nonequilibrium
1¢hl /oy oy conditions the argon cesium plasma is unstable if the Hall
I :uBh/ [RL + " SO - (185 + 5)—() dy] 37 parameter exceeds a certain critical value. The following

o x=Yis

Here it is obvious that the second term of the denominator of
the right-hand side of Eq. (37) corresponds to a internal
resistance of the plasma. After calculating the value of I,
from this equation, we can obtain j, and j, from Eq. (26).

Plasma Quantities

Once the values of j, and j, are given in a certain period,
the n,, n;,, n,., and T, distributions at the next time step can
be found from Egs. (22-25). Equations (23) and (24) are
integrated along their characteristics with a time step of 0.255
Us.

Gasdynamic and Geometrical Conditions

The gasdynamic conditions used in the calculations are
taken to be equal to the experimental values obtained in the
Eindhoven shock tunne] facility: stagnation temperature
T=2000 K, Mach number M = 1.6, static pressure at channel
inlet p=1.2 atm, magnetic field B=3 T, load resistance
R, =2Q, and seed fraction ¢=2x10"*. From these con-
ditions it follows that the gas static temperature 7=1079 K,
gas velocity =980 m/s, argon number density
n,=8.16x10** m~3, and cesium number density
n,=1.63x202" m-3. Calculations under different load
conditions (R; =0.02-10Q) are also performed. The
dimensions of the channel have been chosen equal to two-
fifths of the dimensions of an actual channel: channel height
h =40 mm, channel width w=40 mm, one pitch length s=10
mm, and electrode width c=4 mm. (See Fig. 1.)

Linear Perturbation Analysis

The stability of the two-temperature plasma with respect to
wave-like perturbations of the electron temperature and
electron density was first studied by Kerrebrock.> Using linear

102

g = 2x10%

IO 3 L 1 1 4

2 4 6 8

Te ( x10°K )

Fig. 2 Dependence on Hall parameter and critical Hall parameter on
electron temperature.

procedure is used in the calculation of the critical value of the
Hall parameter. The gas préssure, gas temperature, and gas
velocity u are taken to be constant. Fourier components of the
disturbance for the unknowns n,, 7, j, and E are introduced,

=Ny +ngexpli(k-r+wt)] (38)
etc.

Using Eqs. (6) and (7) and the field equations (2) and (3), a
dispersion relation can be derived that is quadratic in .’
Second- and higher-order terms are neglected in the
derivation. For simplification, the Saha equilibrium is
assumed instead of the particle equation (6). Further, heat
conduction and radiation loss are neglected. Solution of the
equations yields the imaginary part w; of w as a function of
the zero-order values n,y, T.y, jo, and E, and the direction of
k.¢ Tt can be shown that for angles near 45 deg between k and
Jo» «; has its maximum value for large values of 8. In case this
maximum value is taken equal to zero, the critical Hall
parameter is®’

B =2V (Ky+1) (Kg+rp) (39)
where
K0=£ T.o (dﬂnTe)
2Te0_T dfnne 0
dlny
= ¢ 40
To (dl&nne>0 40

The results shown in Egs. (39) and (40) are found for cases
where the electric field vector, current density vector, and
wave vector k are perpendicular to the magnetic induction B.

Equation (39) shows that 8. depends on the zero-order
values of K, and r,. These values can be calculated for a
stationary and homogeneous nonequilibrium plasma. The
dependence of 3., and $ on the electron temperature for the
plasma that satisfies the gasdynamic conditions given in the
previous section is calculated.

Figure 2 shows the calculated curves. It is found from this
figure that the plasma is stable at electron temperatures
between 4200 and 6500 K. This stable region corresponds to a
regime of fully ionized seed. The electron temperature relates
to the current density through Eq. (25) and the current density
is coupled to the external load through Eq. (37). Therefore,
the electron temperature can be controlled by changing the
external load resistance. It can be understood from Egs. (25)
and (37) that the electron temperature increases with the
decreasing external load resistance and decreases with the
increasing resistance. This suggests that a stable plasma can
be present in the channel by selecting the appropriate external
load resistance.

However, these linear theories start with a homogeneous
plasma; therefore, in order to obtain a stable plasma, the
electron temperature distribution must not only be within the
above range but also be homogeneous in the channel.
However, in our case, the initial electron temperature is less
than 2000 K since the actual stagnation gas temperature is
limited to 2000 K; at this electron temperature, instability can
develop in the channel. The question remains whether the
homogeneous electron temperature distribution is present
after the instability develops. In order to answer this question,
time-dependent calculations should be made. The results of
the calculations are presented in the next section.

Numerical Results
Streamer Development at Typical Case

In the first place, a numerical simulation of the streamer
development in the channel is performed. The initial con-
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t 6 x 0.255 us

Fig. 3 Time-dependent current streamline distribution before the
constricted discharge structure is formed (contour interval: Ay =0.1
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ditions are defined as follows: for ¢ <0 the plasma is assumed
to be in Saha equilibrium with the electron temperature equal
to the stagnation gas temperature. At =0 the electrodes are
connected to the external circuits. The time history of the:
current distributions at £=0-8 X 0.255 us is shown at different
time steps in Fig. 3. Although the calculation is done in one
segment, three segments are shown in the figures. The thin
streamers are formed at approximately =8 x 0.255 ps.

The development of the streamer structures after they are
initially formed is illustrated at six time instances (z=10, 20,
30, 50, 100, 200 0.255 us) in Fig. 4. Note that the contour
interval A¥ taken in this figure is 10 times larger than Fig. 3.
Electron density and electron temperature distributions at
same time instances are also shown. The range of the electron
density and the temperature in Fig. 4 is the same as the one
shown in Fig. 5. The streamers are fully developed within
100x0.255 ps and are frozen in the gas and convected
downstream at the gas velocity. Other noteworthy items are
the following: inside the streamers, the electron density is in
the range of 1.4-1.7 x 102! m~3 and the electron temperature
is around 4000 K. Outside the streamers, the electron density
is on the order of 10! m~3 and the electron temperature is
between 2000 and 3000 K. Since these results agree with the
experimental results obtained from the shock tunnel facility,
the inhomogeneous structure observed in the experimental
facility can be explained as the result of nonlinear growth of
ionization instabilities.

Load Change Characteristics of the Discharge Structure

The discharge structures for various load conditions are
investigated and simulated. The final discharge structure,
electron density, and electron teriiperature distributions in the
channel are shown in Fig. 5 for four load conditions, namely
R, =10,2,0.2,and 0.020.

In the case of R, =10Q, the final discharge structure is a
streamer mode similar to the case of R; =2Q, but the number

t = 30 x 0.255 us

t =10 x 0.255 us t = 20 x 0.255 us

- 50 x 0.255 s t = 100 x 0.255 us t = 200 x 0.255 us

¢) Electron temperature distribution (the density range is same as the one shown in Fig. 5).

Fig. 4 Time-dependent current streamline, electron density, and electron temperature distribution after the initial formation of the constricted

diccharas
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of streamers decreases. The clectron density and the tem-
perature in the streamers of this case are about 7.2 x 102 m 3
and 3300 K, respectively, which are lower than those of the
case where R, =2Q. It can be said that the electron density
and the electron temperature in the streamers increase with
decreasing load resistance until the cesium is fully ionized.
Simulations are also performed for a load resistance of
0.2Q. This corresponds to the condition of the fully ionized
seed regime and from conventional linear theories a stable

PX‘ZO.OZ Q

Current Electron density Electron temperature

Fig. 5 . Final distributions of current streamline, electron density, and
electron temperature for various load resistances (R, =10, 2, 0.2, 0.02
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plasma is expected to be obtained in the channel. However,
linear theories can predict only that the plasma remains
homogeneous and stable if the homogeneous and stable
plasma is produced under this condition. It cannot predict
whether or not this kind of stable plasma can be produced
starting with a plasma at a stagnation temperature around
2000 K. Therefore, the time-dependent numerical simulation
is necessary in order to predict the possibility of realizing a
homogeneous and stable plasma. The calculated time-
dependent discharge structure of this case is shown in Fig. 6.
The remarkable fact is that in this case, once streamers are
formed in the channel, they gradually begin to spread out in
time and cover the whole region of the channel until they
become almost homogeneous. In this case, this means that
ionization instabilities also occur initially, but in the end the
plasma becomes homogeneous and stable. It is also seen from
Fig. 5 that the electron density is about 1.7 x10?' m~3
everywhere and the electron temperature is between 5500 and
6500 K. It should be noted that argon is rarely ionized in the
streamer until the cesium is fully ionized in the whole region
of the channel.

The time-dependent discharge structure for relatively low
load resistance, R; =0.02%, is illustrated in Fig. 7. Although
the structure of this case is almost the same as in the case of
R, =0.2Q at t=0-100x0.255 us, it changes after ¢
=100x0.255 ps and again becomes inhomogeneous. This is
because argon will ionize in some parts of the channel, as seen
in the electron density distributions of Fig. 5.

It is also found from Fig. 5 that the electron density
distribution is closely connected with the electron temperature
distribution and the Saha equilibrium relation is almost
satisfied in the entire channel.

Effective Electrical Conductivity and Hall Parameter

The occurrence of ionization instabilities reduces the ef-
fective value of the electrical conductivity and the Hall
parameter. The effective electrical conductivity
Oeer = Y2/ (YCE*Y and the effective Hall parameter
Berr =<E*)  /{E*)  are calculated from the simulated results
of current density and the electric field distributions in the
channel for different load conditions. The effective electrical
conductivity is plotted for several load currents (i.e., load
resistances) in Fig. 8. The average electrical conductivity (o)
and apparent electrical conductivity defined as

t = 20 x 0,255 ps t = 30 x 0.255 us t = S0 x 0,255 us

t = 100 x 0.255 us t = 200 x 0.255 ps t = 400 x 0.255 ps

Fig. 6 Time-dependent current streamline distribution for R; =0.2{ (contour interval: Ay =5.0 A).

t = 20 x 0.255 us

t = 30 x 0.255 us t = 50 x 0.255 ups

t = 100 x 0.255 us

t = 150 x 0.255 us t = 200 x 0,255 us

Fig. 7 Time-dependent current streamline distribution for R, =0.02Q (contour interval: Ay =5.0 A).
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Fig. 8 Effective, apparent, and average electrical conductivities vs
load current.

Oapp =,/ V)(h/sw) are also plotted in the same figure.
Furthermore, the ideal electrical conductivity is shown by the
solid line and the effective electrical conductivity calculated
from the conventional linear theory by the dashed line.

It is very interesting to note from Fig. 8 that the effective
electrical conductivity obtained from the two-dimensional
time-dependent simulation of the ionization instabilities
shows the same tendency as the one obtained from the con-
ventional linear theory, which assumes the steady-state
condition. The effective electrical conductivity corresponding
to a load resistance of 0.2Q (I; =120 A) shows a close com-
parison to the ideal value. This indicates that under this load
condition, the ionization instabilities do not exist in the
channel and the plasma is stable.

The effective Hall parameter S =<(E*) | /(E*)  is also
obtained from the simulation. The value of 8 at R, =0.2Q s
about 2.0, but reduces to unity at R, =2.0Q, which means the
effective Hall parameter becomes large under the stable
condition.

Conclusions

This paper deals with a two-dimensional, time-dependent
numerical simulation of the growth of streamers in MHD
channels and results are obtained for. different load con-
ditions. The following conclusions are derived from our
calculations:

1) The inhomogeneous discharge structure observed in the
Eindhoven shock tunnel facility can be explained to be a result
of the nonlinear growth of ionization instabilities.

2) For relatively large load resistance, the final discharge
becomes a streamer structure,

3) For the certain small load resistances, almost
homogeneous and stable discharge can be realized in spite of
the fact that the initial state predicts the occurrence of
ionization instability.
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4) For relatively small load resistances, argon is ionized in
some parts of the channel and the discharge becomes
inhomogeneous.

5) The effective electrical conductivity for the case of a
homogeneous plasma is greater than any other case and is
close to the ideal value.

6) Under any load conditions, the electron density and the
corresponding electron temperature satisfy the Saha
equilibrium relation throughout the channel.
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